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1
I. INTRODUCTION
Experimental neutrino physics has regained great interest in the latest years, with many
new experiments presently taking data or in preparation for the near future. This is justified
because although the Standard Model has been vigorously tested experimentally and seems
to be a remarkably successful description of nature, its neutrino sector has yet been poorly
scrutinized. We believe that this still mysterious area of particle physics may give us some
hint on the physics beyond the Standard Model.
It is a common prejudice in the literature to assume the conservation of the leptonic
number and to think about neutrinos as Dirac particles much lighter than any of the charged
leptons we know. Nevertheless there are no theoretically compelling reasons why the leptonic
number should be a conserved quantity or why neutrinos should not have a mass comparable
to the charged fermions. It is clear that only the confrontation of theory with experimental
data will eventually clarify the problem of neutrino mass and nature.
Many direct limits on neutrino mass have been obtained by different experimental
groups [1] but are not all accepted without controversy [2,3]. Experiments also have been
carried out to try to measure neutrinoless double-β decay which, in general, is a process
that will not occur unless one has a Majorana neutrino involved as an intermediate particle.
Here also experiments have obtained only limits on the so called effective neutrino mass [4].
As a rule experimental analysis are model dependent and cannot be quoted as a general
result.
In the hope of contributing to the understanding of neutrinos physics we have accom-
plished a comprehensive study of the constraints imposed by recent experimental data on
lepton decays, pion and kaon leptonic decays as well as by the Z0 invisible width mea-
surement performed by the LEP experiments to the simplest model containing Majorana
neutrinos.
We will consider a very simple extension of the standard electroweak model which consists
in adding to its particle content a right-handed neutrino transforming as a singlet under
SU(2)L ⊗ U(1)Y . This will be referred as the Minimal Model with Right-handed Neutrino
(MMRN). Next, by allowing it to mix with all the left-handed neutrinos we obtain that there
are, at the tree level, two massless neutrinos (m1, m2) and two massive ones (mP , mF ) [6].
It is interesting to note that this simple extension of the Standard Model imposes a mass
hierarchy for neutrinos. The massless neutrinos (m1, m2) can acquire very small mass by
radiative corrections [7,8]. This seems to be consistent with the recent evaluation of the the
number of light neutrino species from big bang nucleosynthesis [9].
The outline of this work is as follows. In Sec. II the model consider is briefly reviewed.
In Sec. III we consider the effects of mixing for the decay width of the muon, for the partial
leptonic decay widths of the tau, pion and kaon and for the Z0 invisible width. These are the
quantities that are calculated theoretically. In Sec. IV we compare our theoretical results
with recent experimental data and obtain from this comparison allowed regions for mixing
angles and masses. In Sec. V we investigate the possibility of further constraining our results
with the present best limit from neutrinoless double-β decay experiments. Finally, in the
last section we establish our conclusions.
2
II. A BRIEF DESCRIPTION OF THE MODEL
In the MMRN the most general form of the neutrino mass term is
LMν = −
∑
α=e,µ,τ
aαναLNR −
1
2
MN cRNR +H.c. (2.1)
where the left-handed neutrino fields are the usual flavor eigenstates and we have assumed
that the charged leptons have already been diagonalized. In this model, there are four
physical neutrinos ν1, ν2, νP and νF , the first two are massless (m1 = m2 = 0) and the last
two are massive Majorana neutrinos with masses
mP =
1
2
(
√
M2 + 4a2 −M) and mF = 1
2
(
√
M2 + 4a2 +M), (2.2)
where a2 = a2e + a
2
µ + a
2
τ .
In terms of the physical fields the charged current interactions are
LCC = g√
2
(ν1 ν2 νP νF )Lγ
µΦR


e
µ
τ
0


L
W+µ +H.c., (2.3)
where Φ = diag(1, 1, i, 1) and R is the matrix


Re1 Rµ1 Rτ1 R01
Re2 Rµ2 Rτ2 R02
ReP RµP RτP R0P
ReF RµF RτF R0F

 =


cβ −sβsγ −sβcγ 0
0 cγ −sγ 0
cαsβ cαcβsγ cαcβcγ −sα
sαsβ sαcβsγ sαcβcγ cα

 . (2.4)
In Eq. (2.4) c and s denote the cosine and the sine of the respective arguments. The angles
α, β and γ lie in the first quadrant and are related to the mass parameter as follows
sα =
√
mP/(mP +mF ), (2.5)
sβ = ae/a, cβsγ = aµ/a, cβcγ = aτ/a. (2.6)
The choice of parameterization is such that for α = β = γ = 0 , ν1 → ν ′e, ν2 → ν ′µ and
νP → ν ′τ .
The neutral current interactions for neutrinos written in the physical basis of MMRN
read
LNC = g
4 cos θW
(
ν1 ν2 νP νF
)
L
γµ


1 0 0 0
0 1 0 0
0 0 c2α icαsα
0 0 −icαsα s2α




ν1
ν2
νP
νF


L
Zµ +H.c. (2.7)
Notice that there are four independent parameters in MMRN. We will choose them to
be the angles β and γ and the two Majorana masses mP and mF . These are the parameters
that we will constrain with experimental data.
3
III. FOUR GENERATION MIXING IN THE LEPTONIC SECTOR
In this section we will present the expressions that will be used in our analysis for muon
and tau leptonic decays, pion and kaon leptonic decays and the Z0 invisible width. The
coupling constant G and the decay constants Fπ and FK used in our theoretical expressions
have not the same values of the standard Gµ, fπ and fK given in Ref. [1], this important
point will be discussed at the end of this section.
A. Lepton decays
We can now write the most general expression for the partial decay width of a lepton l′
into a lepton l and two neutrinos ν¯lνl′ in the context of MMRN as
Γ(l′ → lν¯lνl′) = G
2m5l′
192π3
Rl′
{(
|Rl′1|2 + |Rl′2|2
) (
|Rl1|2 + |Rl2|2
)
Γl
′l
11
+
(
|RlP |2[|Rl′1|2 + |Rl′2|2] + |Rl′P |2[|Rl1|2 + |Rl2|2]
)
Γl
′l
1P
+
(
|RlF |2[|Rl′1|2 + |Rl′2|2] + |Rl′F |2[|Rl1|2 + |Rl2|2]
)
Γl
′l
1F
+
(
|RlF |2|Rl′P |2 + |Rl′F |2|RlP |2
)
Γ
l′l
PF
+ |Rl′P |2|RlP |2 Γl
′l
PP + |Rl′F |2|RlF |2 Γl
′l
FF
}
, (3.1)
with l′ = µ, τ and l = e, µ for the tau decays and l = e for the muon decay. Notice that G2
in Eq. (3.1) is the universal constant defined as G2/
√
2 = g2/8m2W .
In Eq. (3.1) we have used the integrals
Γl
′l
11 = 2
∫ tM
tm
(t2 − B) 12 [t(3k − 2t)− B]dt, (3.2)
Γl
′l
1J = 2
∫ tM
tm
(t2 −B) 12 (k − δ
2
Jl′ − t)
(k − t)3
[
(k − δ2Jl′ − t)2t(k − t)
+ [(k − t)2 + δ2Jl′(k − t)− 2δ4Jl′](2kt− t2 − B)
]
θ(ml′ −ml −mJ)dt, (3.3)
Γ
l′l
JJ ′ = Γ
l′l
JJ ′ + ǫJJ ′Γ
′l′l
JJ ′, ǫJJ ′ =
{
1 (J = J ′)
−1 (J 6= J ′) (3.4)
Γl
′l
JJ ′ = 2
∫ tM
tm
(t2 −B) 12CJJ ′
[
2(k − t)tC2JJ ′
+ (2kt− t2 − B)BJJ ′
]
θ((ml′ −ml)−mJ −mJ ′)dt, (3.5)
Γ′
l′l
JJ ′ = −12
∫ tM
tm
(t2 − B) 12CJJ ′δJl′δJ ′l′θ((ml′ −ml)−mJ −mJ ′)dt, (3.6)
4
with
k = 1 + δ2ll′ , B = 4(k − 1), δJl′ =
mJ
ml′
, δll′ =
ml
ml′
, (3.7)
tm = 2δll′ , tM = k − (mi +mj)
2
m2l′
, (3.8)
CJJ ′ =
[(k − t)2 + (δ2Jl′ − δ2J ′l′)2 − 2(δ2Jl′ + δ2J ′l′)(k − t)]
1
2
k − t , (3.9)
BJJ ′ =
2
(k − t)2
[
(k − t)2 − 2(δ2Jl′ − δ2J ′l′)2 + (δ2Jl′ + δ2J ′l′)(k − t)
]
, (3.10)
where i, j = 1, 2, P, F ; J, J ′ = P, F ; ml(l′) are the corresponding lepton masses; Γ
l′l
11 and Γ
l′l
1J
are respectively the phase space contributions to the l′ → lν¯lνl′ decays for two massless and
one massive neutrino (for either Dirac or Majorana type neutrinos) [10]. If the final state
neutrinos were two massive Dirac neutrinos the contribution would be simply Γl
′l
JJ ′, but since
here they are Majorana neutrinos there is an additional contribution Γ′l
′l
JJ ′. The quantity
Rl′ describes the leading radiative corrections to the lepton decay process that can be found
in the Appendix.
Explicitly using the parameterization given in Eq. (2.4) and defining x = s2β, y = s
2
γ and
z = s2α we obtain
Γ(µ→ eνµν¯e) = Γµe =
G2m5µ
192π3
Rµfµe(x, y, δeµ, δPµ, δFµ), (3.11)
for the partial rate of the muon decay into electron, and
Γ(τ → eντ ν¯e) = Γτe = G
2m5τ
192π3
Rτf τe(x, y, δeτ , δPτ , δFτ ), (3.12)
Γ(τ → µντ ν¯µ) = Γτµ = G
2m5τ
192π3
Rτf τµ(x, y, δµτ , δPτ , δFτ), (3.13)
for the partial widths of the tau decay into electron and muon, respectively.
The following definitions were used
fµe(x, y, δeµ, δPµ, δFµ) = [(xy + (1− y))(1− x) Γµe11
+ (1− z)(x2y + x(1− y) + (1− x)2y)Γµe1P
+ z(x2y + x(1 − y) + (1− x)2y)Γµe1F
+ 2((1− z)xz(1 − x)y)ΓµePF
+ (1− z)2y(1− x)xΓµePP + z2y(1− x)xΓµeFF
]
, (3.14)
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f τe(x, y, δeτ , δPτ , δFτ) = [(x(1 − y) + y)(1− x) Γτe11
+ (1− z)(x2(1− y) + xy + (1− x)2(1− y)) Γτe1P
+ z(x2(1− y) + xy + (1− x)2(1− y)) Γτe1F
+ 2((1− z)(1 − x)(1− y)zx) ΓτePF
+ (1− y)(1− x)x(1 − z)2 ΓτePP + (1− y)(1− x)xz2 ΓτeFF
]
, (3.15)
f τµ(x, y, δµτ , δPτ , δFτ) = [(x(1 − y) + y)(xy + (1− y)) Γτµ11
+ (y(x(1− y) + y) + (1− y)(xy + (1− y))) (1− z)(1 − x) Γτµ1P
+ (y(x(1− y) + y) + (1− y)(xy + (1− y))) z(1− x) Γτµ1F
+ 2
(
z(1 − x)2y(1− z)(1− y)
)
Γ
τµ
PF
+ (1− y)y(1− x)2(1− z)2 ΓτµPP + (1− y)y(1− x)2z2 ΓτµFF
]
. (3.16)
B. Pion and Kaon leptonic decays
We will also consider decays such as h→ l + νl; where h = π,K and l = e, µ.
The partial width for the leptonic decay of hadrons in MMRN is
Γ(h→ lνl) = Γhl
=
G2F 2hV
2
KMm
3
h
8π
Rhlfhl(x, y, δhl, δP l, δF l), (3.17)
with mh being the mass of the hadron h and
fhl(x, y, δhl, δP l, δF l) =
[(
|Rl1|2 + |Rl2|2
)
Γhl1 + |RlP |2ΓhlP + |RlF |2ΓhlF
]
, (3.18)
where Γhl1 is the massless neutrino contribution given by
Γhl1 = (δ
2
hl − δ4hl)λ
1
2 (1, δ2hl, 0), (3.19)
and ΓhlJ are the massive neutrino contributions [11]
ΓhlJ =
[
δ2hl + δ
2
Jl − (δ2hl − δ2Jl)2
]
λ
1
2 (1, δ2lh, δ
2
Jl)θ(mh −ml −mJ), (3.20)
J = P, F , δhl = ml/mh, V
2
KM is the appropriate Cabibbo-Kobayashi-Maskawa matrix ele-
ment of the quark sector and λ is the triangular function defined by
λ(a, b, c) = a2 + b2 + c2 − 2(ab + ac + bc).
The quantity Rhl in Eq.(3.17) represents the leading radiative corrections to the hadron
h decay given in the Appendix.
In particular when the final state is a muon we have
fhµ(x, y, δhµ, δPµ, δFµ) =
(
|Rµ1|2 + |Rµ2|2
)
Γhµ1 + |RµP |2ΓhµP + |RµF |2ΓhµF
= (yx+ 1− y) Γhµ1 + y(1− x)(1− z)ΓhµP + y(1− x)zΓhµF , (3.21)
and when the final state is an electron
fhe(x, y, δhe, δPe, δFe) =
(
|Re1|2 + |Re2|2
)
Γhe1 + |ReP |2ΓheP + |ReF |2ΓheF
= (1− x)Γhe1 + (1− z)xΓheP + zxΓheF . (3.22)
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C. Z0 invisible width
In this section we will extend and update our previous analysis in Ref. [12]. In the
MMRN scheme the Z0 partial invisible width can be written as [6]
Γinv(Z → ν ′s) = Γ0(2 + (1− z2)χPP + 2(1− z)zχPF + z2χFF ), (3.23)
where Γ0 is given by
Γ0 =
GM3Z
6
√
2π
(g¯2V + g¯
2
A), (3.24)
and the electroweak corrections to the width are incorporated in the couplings g¯V and g¯A,
χij =
√
λ(M2Z , m
2
i , m
2
j )
M2Z
Xijθ(MZ −mi −mj), (3.25)
here i, j = P, F ; λ is the usual triangular function already defined and Xij include the mass
dependence of the matrix elements. Explicitly,
XPP = 1 − 4m
2
P
M2Z
,
XFF = 1 − 4m
2
F
M2Z
,
XFP = 1− ∆m
2
FP
2M2Z
− m
2
P + 3mFmP
M2Z
− (∆m
2
FP )
2
4M4Z
, (3.26)
where we have defined ∆m2FP = m
2
F −m2P . Thus, χij are bounded by unity whereby
Γinv(Z → ν ′s) ≤ 3Γ0. (3.27)
D. Comment on G and Fh
It is common to assume that standard processes will practically not be affected, at tree
level, by the introduction of new physics, and that the most effective way of constraining
new physics is by looking at exotic processes. This is correct in most situations envisaged
in the literature. For instance in Ref. [13] the emphasis is given to lepton flavor violation
processes like µ → eγ. Nevertheless we would like to point out that constants used in the
standard weak decays may take different values as a consequence of mixing.
The experimental value for the muon decay constant, Gµ, is obtained by comparing the
Standard Model formula for the muon decay width
ΓSM(µ→ eν¯eνµ) =
G2µm
5
µ
192π3
RµΓµe11 , (3.28)
7
with the measured muon lifetime. As the error obtained in this way is very small, Gµ is
often used as an input in the calculations of radiative corrections [14].
Now if we have mixing the expression for the muon decay width is modified as in
Eq. (3.11). So that comparing this equation with Eq. (3.28), it is clear that the numer-
ical value of Gµ is not equal to the numerical value of G, as a general rule, independently of
the accuracy of Gµ determination. They are related by:
G2 =
Γµe11G
2
µ
fµe(x, y, δeµ, δPµ, δFµ)
. (3.29)
From Eqs. (3.14) and (3.29) we see that G ≥ Gµ. A consequence of this is that the Z0
invisible decay width
Γinv(Z → ν ′s) ≤ 3Γ0 = 3 G
Gµ
ΓSM0 , (3.30)
could, in principle, even exceed 3 ΓSM0 , where Γ
SM
0 is the Standard Model width.
In a similar way the experimental value of the pseudoscalar meson decay constant fh is
obtained by comparing the Standard Model prediction for the hadron leptonic decay width
ΓSM(h→ lνl) =
G2µf
2
hV
2
KMm
3
h
8π
RhlΓhl1 , (3.31)
with experimental data. The values of fh quoted in PDG depend on the type of radiative
corrections used [15,16]. The extracted values fπ = 130.7 ± 0.4 MeV and fK = 159.8± 1.5
MeV [1], were obtained using the expression of Rhl as in our Appendix.
Here also the numerical values of Fπ and FK are not equal to the numerical values of
fπ and fK given above, since the constant Fh that appears in Eq. (3.17) is related to fh in
Eq. (3.31) by
Γhµ1 G
2
µf
2
h = G
2F 2hf
hµ(x, y, δhµ, δP l, δF l). (3.32)
IV. EXPERIMENTAL CONSTRAINTS ON MIXING ANGLES AND NEUTRINO
MASSES
As we explained in the previous section the values of G2 and Fh are unknown in MMRN.
So we will used theoretical ratios to eliminate the dependence on these parameters to com-
pare our expressions with experimental results. We will now write down the theoretical
expressions that can be directly compared to the experimental data found in Table I.
Using Eqs. (3.11) – (3.13) we obtain
(
mµ
mτ
)5 Γτe
Γµe
=
Rτf τe(x, y, δeτ , δPτ , δFτ)
Rµfµe(x, y, δeµ, δPµ, δFµ) =
(
mµ
mτ
)5 Bτeτµ
Bµeττ
≡
(
Gτ
Gµ
)2
, (4.1)
with ττ and τµ being respectively the tau and the muon lifetimes, B
l′l the branching ratio
for the decay l′ → lν¯lνl′ and
8
Γτµ
Γτe
=
f τµ(x, y, δµτ , δPτ , δFτ )
f τe(x, y, δeτ , δPτ , δFτ)
=
Bτµ
Bτe
. (4.2)
From Eqs. (3.17), (3.21) and (3.22) we obtain for the pion decays
Γπe
Γπµ
=
Rπefπe(x, y, δπe, δPe, δFe)
Rπµfπµ(x, y, δπµ, δPµ, δFµ) =
Bπe
Bπµ
, (4.3)
where Bπl is the branching ratio for the decay π → lνl (l = µ, e). For the kaon decays an
alike expression can be derived. Before we give this expression we would like to make some
remarks.
Kaon leptonic decay measurements are not only less precise than the pion leptonic decay
ones but also suffer from an important background contamination. The average leptonic
width given in PDG is dominated by the result of one experiment, the CERN-Heidelberg
experiment [17,18]. In order to avoid the contamination of Kl2 (K
+ → l+νl) events by
beta decay Kl3 (K
+ → l+νlπ0) events, experimentalists are forced to impose a cut in the
measured momentum of the final charged lepton. For massless neutrinos in Kl2 decays one
expects the momentum pl (l = e, µ), to be monochromatic i.e., pe = 247 MeV for the
electron channel and pµ = 236 MeV for the muon channel. Based on this, Ke2 events are
experimentally characterizes as having 240 MeV ≤ pe ≤ 260 MeV and Kµ2 events as having
220 MeV ≤ pµ ≤ 252 MeV [17,18].
If neutrinos produced in these decays are massive we expected as many lines in the
spectrum of charged lepton as the number of massive neutrinos. For a massive neutrino
with mass mi
mK =
√
pl(mi)2 +m
2
l +
√
pl(mi)2 +m
2
i ,
which can be solved in terms of the final lepton momentum, pl(mi), giving [19]
pl(mi) = pl(0)
√√√√1− 2 (m2K +m2l )m2i −m4i
4m2Kpl(0)
2
, (4.4)
where ml is the mass of the charged lepton and mK is the mass of the kaon and pl(0) is the
momentum for a massless neutrino pl(0) =
m2K −m2l
2mK
.
The experimental lower cut in the momentum of the final lepton together with Eq.(4.4)
imply a maximum value for the observable neutrino mass [11]. Explicitly for pe > 240 MeV
we have mi < m
cut
e = 82 MeV and for pµ > 220 MeV, mi < m
cut
µ = 118 MeV. That means,
neutrinos with a mass greater than 118 MeV are not visible in either of these decays.
These restrictions imply that Eqs. (3.21) and (3.22) will have to be changed for the kaon
case : fKe → fˆKe where
fˆKe(x, y, δKe, δPe, δFe) = (1− x)ΓKe1 + (1− z)xΓKeP θ(mcute −mP ) + zxΓKeF θ(mcute −mF ),
(4.5)
and also fKµ → fˆKµ where
9
fˆKµ(x, y, δKµ, δPµ, δFµ) = (yx+ 1− y)ΓKµ1 + (1− z)(1 − x)yΓKµP θ(mcutµ −mP )
+ y(1− x)zΓKµF θ(mcutµ −mF ), (4.6)
so that finally we have
ΓKe
ΓKµ
=
RKefˆKe(x, y, δKe, δPe, δFe)
RKµfˆKµ(x, y, δKµ, δPµ, δFµ)
=
BKe
BKµ
, (4.7)
where BKl is the branching ratio for the decay K → lνl (l = µ, e).
For the Z0 invisible width we use
Γinv(Z → ν ′s) =
√√√√ Γµe11G2µ
fµe(x, y, δeµ, δPµ, δFµ)
ΓSM0 (2 + (1− z2)χPP + 2(1− z)zχPF + z2χFF ).
(4.8)
Now to establish the allowed regions for the free parameters of MMRN we have built the
χ2 function
χ2(x, y,mP , mF ) =
∑
i=1,5
(Fi − F expi )2
σ2i
, (4.9)
where each Fi is the theoretical value calculated using one of the expressions given in Eqs.
(4.1),(4.2),(4.3), (4.7) and (4.8), and F expi and σi are its corresponding experimental value
and error according to Table I.
We have minimized this χ2 function with respect to its four parameters. The minimum
χ2 found for one d.o.f. (five experimental data points minus four free parameters) is χ2min =
1.29 for x = .22 10−5, y = 0.47, mP = .28 MeV and mF = 1.10 MeV, this is a bit smaller
than χ2SM = 1.33, that we get for x = y = z = 0. The error matrix corresponding to the
result of our minimization is:

VmPmP VmPmF VmP x VmP y
VmFmP VmFmF VmF x VmF y
VxmP VxmF Vxx Vxy
VymP VymF Vyx Vyy

 =


.69 10−7 .51 10−5 .15 10−9 0.
.51 10−5 .43 10−3 .12 10−7 0.
.15 10−9 .12 10−7 .72 10−12 0.
0. 0. 0. .36 10−11

 . (4.10)
We have computed the 90% C.L. contours determined by the condition χ2 = χ2min+7.78.
In order to display our results we have fixed the values of mF and presented the allowed
regions in a mP × y plot for several values of x. We have chosen to display the allowed
regions for four different mF values to give an idea of the general behavior. This is shown
in Figs. 1.
We note that our χ2 function is very sensitive to changes in x and mP but rather not so
sensitive to y or mF . This behavior reflects on the fact that the maximum possible value of
mP for each contour we have obtained, reached at y → 0, is very sensitive to x but not so
sensitive to mF . For x > 10
−4 we see that the maximum allowed mP depends on mF but is
almost independent of y. In fact, this is expected as all our expressions become independent
of y as x → 1. The absolute maximum allowed value of mP , for x, y → 0, consistent with
the data is ≃ 40 MeV. This is still true even if mF > 1 TeV.
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We observe that the contours in themP×y plane have basically the same shape and allow
for a lower maximum value of mP as a function of y and as mF decreases. Nevertheless there
are two values for mF that change the behavior of the allowed contours. This is due to the
fact that the presence of massive neutrinos in the considered decays depends on kinematical
constraints. At mF = mK − me higher values of mP as a function of y become possible,
here mF starts to participate in kaon decays. At this point the contour curve changes a
little bit its shape and becomes less restrictive. From then on, as mF decreases, the allowed
curves share once more the same shape and start again to constrain the parameters. At
mF = mπ −mµ we have a new change of behavior and higher values of mP become allowed
since now mF can participate of all pion decays. Again after that for smaller values of mF
the curves will confine even more the parameters.
In Fig. 1(a) we see bellow each one of the curves the allowed regions, at 90% C.L., of
mP as a function of y for mF = 1 TeV and four different values of x. In Fig. 1(b) we see the
same contours for mF = 1 GeV. We note that the allowed regions are not much more limited
than in the previous case even though we have decreased mF by three orders of magnitude.
In Fig. 1(c) we see the allowed contours for mF = .1 GeV. Here we have already passed by
mF = mK − me where the first change in behavior occurred. Finally in Fig. 1(d) we see
the allowed contours for mF = 10 MeV. Some comments are in order here. One can see
that the allowed regions in this case, although mF is much smaller than in Fig. 1(c) are less
restrictive. This is because we have crossed the value mF = mπ −mµ as explained above.
Note also that for the lowest values of x the curves are interrupted by the condition that
mP ≤ mF , this means that for y <∼ 0.15 the only prerequisite is mP ≤ mF .
For 10−2 ≤ x ≤ 1 the maximum allowed mP is really independent of y. This case can
be subdivided into three regions: (i) for mF > 495 MeV, m
max
P is also independent of mF as
can be seen in Table II; (ii) for smaller values of mF the product m
max
P × x is constant with
mF as shown in Table III and (iii) for mF < 43 keV there is no restriction on x and y for
mP ≤ mF .
Note that our analysis was done in the context of a specific model and that we did not
impose the ad hoc limit to neutrino masses used in Ref. [5].
Some general remarks about our results are in order here. The Z0 invisible width mea-
surement at LEP along with the pion decay data were by far the most significant experimen-
tal constraints to the model parameters. The invisible width is today a extremely precise
measurement and as one should expect imposes great restrictions on neutrinos couplings.
The pion decay measurements are also very precise and being phase space limited two body
decays they have great power in constraining neutrino masses and couplings as long as they
can participate in pion decays. On the other hand the kaon decay and the lepton decay
data we have analyzed have not been so effective in constraining the model. Kaon decays
unfortunately suffer from experimental contamination which makes their data less useful at
the present moment than one should hope it to be. We would expect that experimental im-
provements here would affect our results. The µ and τ lepton decays are three body decays
containing two neutrinos in the final state. This explain the fact that although the experi-
mental measurements are quite accurate the overall effect of these data is not so constrictive
to masses and couplings of individual neutrinos.
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V. NEUTRINOLESS DOUBLE-β DECAY
Besides the experimental limits already imposed by the decays in the previous section,
since our neutrinos have Majorana nature, we can hope to further restrict the mixing pa-
rameters of the model by imposing the constraint coming from the non observation of neu-
trinoless double-β decays, i.e. (A,Z)→(A,Z+2) + 2e− transitions. This type of process can
be analyzed in terms of an effective neutrino mass 〈mν〉 given in MMRN by [21]
〈mν〉 =
∑
i=P,F
(ΦR)2eimiF (mi, A), (5.1)
where F (mi, A) is the matrix element for the nuclear transition which is a function of the
neutrino mass mi. This has been computed in the literature for a number of different nuclei
as the ratio [22]
F (mi, A) =
MGT (mi)−MF (mi)
MGT (0)−MF (0) . (5.2)
The best experimental limit on neutrinoless double-β decay comes from the observation
of the nuclear transition 76Ge →76Se. The result of the calculation of the nuclear matrix
element F (mi, A) for
76Ge→76Se transitions can be found in Ref. [22] and we will now refer
to this simply as F (mi). This ratio is unity for mi <∼ 40 MeV. For 40 MeV < mi < 1 GeV
we have used the following parabolic fit that agrees with Fig. 8 of Ref. [22] up to less than
10 %
logF (mi) = −37.96 + 10.1 logmi − 0.6719(logmi)2, (5.3)
and for mi > 1 GeV one can use
F (mi) = 3.2 (10
8eV/mi)
2, (5.4)
with mi in eV in both of the above expressions.
We have used Eqs. (5.3) and (5.4) along with the current best experimental limit |〈mν〉| <
0.6 eV at 90% C. L. [4] to draw our conclusions about the possible extra constraints that
might be imposed to our previous results.
Due to the behavior of the nuclear matrix element F (mi) in
76Ge→76Se transitions and
taken into account our previous results which always exclude mP > 40 MeV, we conclude
that we have in MMRN three different regions to inspect:
(a) mP ,mF ≤ 40 MeV;
(b) mP < 40 MeV and 40 MeV < mF < 1 GeV;
(c) mP < 40 MeV and mF ≥ 1 GeV.
In case (a) F (mP ) = F (mF ) = 1 and Eq.(5.1) gives
〈mν〉 = (ΦR)2ePmP + (ΦR)2eFmF = s2β
(
−c2αmP + s2αmF
)
= 0; (5.5)
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here, it is clear, the mixing parameters cannot be further constrained by the neutrinoless
double-β decay limit. In cases (b) and (c) we have F (mP ) = 1 and
〈mν〉 = s2βs2αmF (F (mF )− 1) = xzmF (F (mF )− 1) , (5.6)
so in these cases extra limits on the mixing parameters can be expected.
Using Eq. (5.3) in Eq. (5.6) and imposing the current experimental limit of 0.6 eV one
gets the maximum possible value of the product xz allowed by the data. In region (c) we
use Eq. (5.4) in Eq. (5.6) and again impose the experimental limit. This procedure permits
us to compute the maximum allowed value for mP , m
max
P , as a function of x for a given mF .
This can be seen in Fig. 2 for three different values of mF .
For example in region (c), for mF = 1 TeV and x ∼ 10−5, mP <∼ 0.06 MeV. In region
(b) for mF = .1 GeV and x ∼ 10−5, mP <∼ 0.2 MeV. Both results are independent of the
values of y. For higher values of x the limits on mP are even more strict. We see from this
that in regions (b) and (c) the neutrinoless double-β decay limit can severely constrain the
parameters of the model.
VI. CONCLUSIONS
We have analyzed the constraints imposed by recent experimental data from µ decay, τ ,
π and K leptonic decays, the Z0 invisible width on the values of the four mixing parameters,
x, y, mP and mF , of the MMRN model.
We have found regions allowed by the combined data at 90% C. L. in the four parameter
space. These allowed regions are very sensitive to changes in the values of x and not so
sensitive to changes in y. We were also able to find that the maximum possible value for the
lightest neutrino mass mP , obtained in the limit x, y → 0, is about 40 MeV, even if mF > 1
TeV. Although this is not so restrictive as the maximum value of ντ obtained experimentally
by ALEPH [1] it is very interesting to see that the electroweak data alone can indirectly
lead to a value already so limited.
We also have investigated and found that for mF > 40 MeV the most recent neutrinoless
double-β decay limit can constrain considerably more the model free parameters, in partic-
ularly the maximum allowed value of mP . For instance if mF = 1 TeV and x = 1, then
mmaxP ∼ 0.6 eV.
After combining the results from the particle decay analysis with the constraints from
neutrinoless double-β decay we get finally :
(a) for mP ,mF ≤ 40 MeV, the constraints on the free parameters are simply given by
accelerator decay data, such as in Fig. 1(d);
(b) for mF > 40 MeV, the limit from neutrinoless double-β decay constrains the maximum
value of mP to much smaller values than what are still possible with the accelerator
data, as shown in Fig. 2.
We have not used the available data on charm (or even beauty) meson leptonic decay
modes such as Ds → µνµ and Ds → τντ . This data have very large uncertainties attached
to them and would not affect our results at the present moment. We also have not used
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the data from τ → π(3π)ντ due to the fact that they are experimentally less precise and
theoretically more problematic than τ leptonic decays. We do not think these two modes
would affect very much, if at all, our conclusions.
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APPENDIX : RADIATIVE CORRECTION FORMULAE
The leading radiative corrections to the lepton decay process l′ → lν¯lνl′, Rl′ , is give
by [24]
Rl′ =
[
1 +
α(ml′)
2π
(
25
4
− π2
)](
1 +
3m2l′
5m2W
)
, (7.1)
where ml′ is the initial lepton mass, mW is the W boson mass and α(ml′) is the running
electromagnetic coupling constant.
The leading radiative corrections to hadron leptonic decays Rhl is given by [1,16]
Rhl =
[
1 +
2α
π
ln
(
MZ
mρ
)] [
1 +
α
π
F (δlh)
]
×
{
1− α
π
[
3
2
ln
(
mρ
mh
)
+ C1 + C2
m2l
m2ρ
ln
(
m2ρ
m2l
)
+ C3
m2l
m2ρ
+ . . .
]}
, (7.2)
where
F (x) = 3 ln x+
13− 19x2
8(1− x2) −
8− 5x2
2(1− x2)2x
2 lnx
− 2
(
1 + x2
1− x2 ln x+ 1
)
ln(1− x2) + 2
(
1 + x2
1− x2
)
L(1− x2). (7.3)
Here, mρ = 796 MeV is the ρ meson mass, MZ the Z
0 boson mass, α is the fine structure
constant and ml is the final lepton mass. Ci are structure constants whose numerical value
have large uncertainties and for this reason these terms will be neglected by us [1].Also, in
the above, L(z) is defined by
L(z) =
∫ z
0
ln(1− t)
t
dt. (7.4)
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TABLES
Based on PDG 1998 Data
mτ 1777.05
+0.29
−0.26 MeV
mµ 105.658389 ± 0.000034 MeV
me 0.51099907 ± 0.00000015 MeV
mπ 139.56995 ± 0.00035 MeV
mK 493.677 ± 0.016 MeV
mW 80.41 ± 0.10 GeV
ττ 290.0 ± 1.2 10−15 s
τµ (2.19703 ± 0.00004) 10−6 s
τπ (2.6033 ± 0.0005) 10−8 s
τK (1.2386 ± 0.0024) 10−8 s
Bτµ 17.37 ± 0.09
Bτe 17.81 ± 0.07
Bπe (1.230 ± 0.004)10−4
Bπµ (99.98770 ± 0.00004)10−2
BKe (1.55 ± 0.07)10−5
BKµ (63.51 ± 0.18)10−2
(
Gτ
Gµ
)2 1.0027 ± 0.0089
Bτµ
Bτe
0.9753 ± 0.0089
Bπe
Bπµ
(1.2302 ± 0.004)10−4
BKe
BKµ
(2.4406 ± 0.1171)10−5
Γinv(Z → ν ′s) 500.1 ± 1.8 MeV (⋆)
TABLE I. Experimental values and ratios used to constrain the mixing parameters. (⋆) This
value of Γinv was actually taken from Ref. [20].
x mmaxP (MeV)
1 4.3 10−2
10−1 1.3 10−1
10−2 4.3 10−1
TABLE II. Values of mmaxP for mF ≥ 495 MeV and 10−2 ≤ x ≤ 1.
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mF (MeV) m
max
P × x (MeV)
100 7.5 10−5
35 6.05 10−5
10 1.88 10−4
1 1.87 10−3
0.1 1.87 10−2
TABLE III. Values of mmaxP × x for mF ≤ 100 MeV and 10−2 ≤ x ≤ 1.
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FIG. 1. Bellow each of the displayed curves, for a fixed value of x, we have the allowed region
in the plane mF × y, at 90% C. L. for (a) mF = 1 TeV, (b) mF = 1 GeV, (c) mF = .1 GeV and
(d) mF = 10 MeV.
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FIG. 2. Maximum allowed value of mP as a function of x for three different values of mF
compatible with the neutrinoless double–β decay limit.
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